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Abstract

We study how numerical errors in symmetric kernel scaling affect the spatial score obtained from
its smooth kernel extension. A full square-root-mass residual gives a sharp kernel-energy bound for
every positive candidate scaling, including singular positive semidefinite Gram matrices. For Gaus-
sian kernels this yields computable, scale-invariant pointwise score certificates. For iid samples from
a strictly positive C3 density f on T¢, we prove a simultaneous nonlinear score bound and determine
the exact local modulus in a shrinking-bandwidth regime. Its leading constant is Cz/+/f(x). When
Vned#+112 5 oo, residual o(n~'/?) suffices for negligible score error at that normalization; positive
sample-dependent candidates with residual asymptotic to ¢/+/n attain a nonzero normalized error.
The sampling condition ne/logn — oo is sufficient and is not claimed optimal. A reproducible
solver experiment illustrates the computable certificate on actual iterates. The results concern numer-
ical accuracy and do not assert a new statistical central limit theorem or an iteration lower bound.

Keywords: entropic self-transport; matrix scaling; residual error bounds; score estimation; empirical
sharpness.

1 Introduction

Symmetric entropic self-transport determines a positive scaling of a kernel matrix. Its smooth extension
also determines a spatial score. In computation, the scaling equation is solved only approximately, so a
small normalization residual must be translated into an error in that score. The translation depends on
bandwidth and on local kernel mass, and scalar rescaling of a candidate does not affect its score. These
features motivate a residual that respects this invariance.

We first prove a deterministic energy inequality using the full vector of square-root row masses. It
gives pointwise Gaussian score certificates that use only computed quantities and no lower bound on
the unknown exact scaling. We then consider the periodic Gaussian model with a nonuniform sampling
density. The empirical theorem controls all positive candidate scalings on one event of high probability,
computes the sharp local amplification, and constructs positive numerical perturbations attaining the lim-
iting residual order. The finite certificate and the asymptotic local modulus serve different purposes: the
former is computable before convergence, while the latter identifies the limiting sensitivity.

1.1 Relation to existing work

Kernel-energy geometry for self-transport is established in the theory of Sinkhorn divergences [1]. Bis-
tochastic normalization and its nonuniform-density geometry are studied by Marshall and Coifman [7],
and Wormell and Reich [4] develop empirical normalization, resolvent and spectral perturbation estimates.
Cheng and Landa [2] relate normalization residuals to scaling errors under factor bounds and choose ap-
proximate scaling tolerances from statistical errors. Thus residual-based termination and statistical error
budgeting are existing ideas.



Mordant [3] studies decreasing-regularization self-transport scores, including their linearization
and statistical fluctuations. The inverse filter and inverse-density scale used below have precedents in
that work. Maeda, Yao and Nitanda [5] combine sampling and finite-iteration errors for two-sample
Schrodinger bridge estimation, including normalized exponential drift extensions. Their bounds concern
bridge and drift errors along specified iterations. Here the deterministic input is a measured square-root-
mass residual, and the output is a pointwise spatial-score certificate for arbitrary positive candidates. The
empirical theorem adds a simultaneous nonlinear upper bound and positive sample-adaptive witnesses
for its residual order.

Gradient convergence along Sinkhorn iterations is studied by Greco et al. [6]. Belomestny [8] and
Gonzdlez-Sanz, Nutz and Stromme [9] give neighboring statistical stability and finite-sample potential
bounds. The contribution here is the specific residual-to-score guarantee and its empirical sharpness state-
ment, using these established sensitivity mechanisms. The periodic model is stated explicitly throughout;
limit theorems for other costs or domains require their own hypotheses.

2 A finite residual certificate

Let p; > 0, Zl].\i 1 pi = 1, and let K be a symmetric positive semidefinite matrix with nonnegative entries
and K;; > 0. Write

(Kpz)i = ijKiij, (z,w), = Zpiziwia ||Z||%< = <Z,Kp2>p :
J i

The last expression can be a seminorm on coefficient vectors. For a Gram matrix it equals the squared
RKHS norm of }}; p;z;k(-, x;). The exact self-scaling a solves

ai(Kpa)l- =1, a; > 0. (1)
It exists uniquely: the function

F(z) = $llzllk = > pilogzi
i

has positive-definite Hessian diag(p)K diag(p) + diag(p;/ zf). Its sublevel sets stay away from zero and
infinity because the quadratic term bounds }; p%Kﬁz% from below and dominates the logarithms. Its
unique minimizer satisfies (1).

For a positive computed vector b, define

mi=bi(Kpb)i, M=) pimi, S=) pfmi, p*=) pi(ymi-$)*=M-S%, r=p/S. (2)
i i i

Multiplying b by a positive scalar multiplies S and p by that scalar and leaves r unchanged.

Theorem 2.1 (Full-residual energy bound). For every 4 > 0,
lla = AbII% < ) pi(aym; = 1), (3)
i

The coefficient one and the dependence on the full residual vector are sharp over this matrix class. In
particular,
lla—b/Slix <r. 4

Proof. Putt; =a;/b; and c = (a,Kpb>p. Symmetry and (1) give

lalk =1, blk =M, c=> pi/ti= ) pitmi.
i i

Weighted Cauchy—Schwarz gives S < /(3; pitim:)(X; pi/t:) = c. Consequently

la = Ab||% = 1+ 2>M = 21c < 1+ A>M - 2A8,



which is (3). Its gap is exactly

N

Given arbitrary positive masses m;, choose positive diagonal K and a; = (p;Ki;)~"/?, b; = \/m; a;. Then
¢ = § and equality holds for every A. Strictly positive matrices K + 117 approach this equality as n | 0;
continuity follows from the invertible Hessian of F. Finally, substitute 1 = 1/§ in (3) to obtain (4). O

2
20665 =2 Y, pi v - =]

Corollary 2.2. The best squared bound in (3) is 1 —S?/ M, attained at A = S| M. Relative to the computed
function, the bound divided by A* is minimized at A = 1/S. If § = max; |m; — 1| < 1, then

lla—bllxg <1-V1-6. (5)
Proof. Minimize the two scalar quadratics in A and 1/4, respectively. For (5), set 2 = 1 and use
|ymi — 1| < 1-V1-6. O
2.1 Computable Gaussian score bounds
For sites x; € R? take k. (x,y) = exp(— ||x — ylI? /(2¢)), and for positive z define
v (x) = ) pizike(x,xi),  gz(x) = Viegvo(x), s:(x) =2g:(x). (©)
i

These are the smooth kernel extensions; no claim is made for an arbitrary interpolation of the scaling
values.

Theorem 2.3 (Pointwise score certificate). At any point where v = vp(x) > p, put G = ||gp(x)||. Then

2pVe 1 + G2
Isa0) = sp ()l £ =2, ™

2{p?G + p\v2G? + (v — p?)/&}
V2 _ ,02 :

®)

lIsa(x) = sp ()| <

Both expressions are unchanged by positive rescaling of b. They vanish when p = 0. If v < p, these
certificates are inconclusive.

Proof. In the Gaussian RKHS H., set h = v, — v /S. Theorem 2.1 gives || k|4, < r. The value section
has squared norm one; its derivative sections are orthogonal to it and have Gram matrix £~ '7;. Bessel’s
inequality therefore gives

h(x)2 + & ||VR)|? < 2. )
Let V =v/S and g = g5 (x). The logarithmic-gradient identity is
_Vh-—gh
Ba =80 = Ty

The joint evaluation bound implies ||[VA — gh|| < rVe~! + G2, proving (7). To optimize within (9), put
u = |h(x)| € [0, r]. The ratio is at most

V+h>V-r>0.

Vr2 —u?/\Je + Gu
V—-u '

Its maximum R solves RV = r+/(R+ G)?+ &1 after rearrangement the maximum of (R + G)u +
Vr2 — u?/+/e is that right-hand side by Cauchy-Schwarz, attained at a point of [0,r]. Solving the
quadratic,

R r2G + r\/VzG2 +(VZ-r2)/e

V2 _ 2
Twice this expression gives (8). The case r = 0 follows directly. The optimization is sharp for the relaxed
RKHS ball; sharpness over positive scaling errors is not asserted here. O



Proposition 2.4 (Periodic evaluation constants). Suppose the kernel is the integral-one periodic Gaussian
on T4 (normalization is with respect to Lebesgue measure, not its diagonal), with Fourier multipliers
A = e‘z”zg”k“z. Put
2
Ko,e = Z Ak, K= Z (2mky) Ak

kezd kezd

Ifvp(x) > p/Ko, &, then

20K &+ Ko.e llgp ()1

vp(x) — p/Ko,e

Proof. The periodic kernel has value-section squared norm Ky . and derivative-section Gram matrix
K1,¢14, orthogonal to the value section. Apply (4) and the joint evaluation argument in the preceding
proof with these constants. O

l[sa(x) = sp (0| < (10)

2.2 Why local information enters the certificate
For two sites —L/2, L/2 in R, equal weights, and fixed € > 0, put k = e‘Lz/(zs), ay =ax =+2/(1+k),
and by = a;(1+n), by = ax(1 —n) with 0 < 7 < 1. The masses are

+
1+k T Tvk

ml,2=1i

so max; |m; — 1| < 2n + n? independently of L. At the midpoint, s,(0) = 0 and s5,(0) = —nL/e. Thus
no finite bound depending only on bandwidth and a positive fixed row-residual tolerance controls all
pointwise scores over all sample geometries. The local kernel mass at the midpoint tends to zero. This
elementary example explains the local denominator in the certificate.

Corollary 2.5 (Conditional limit-law transfer). Let A,, be a deterministic nonnegative scalar sequence
and let By, be any valid score certificate above, with value infinity when its denominator condition fails.
If an exact estimator for the same model satisfies A, (sq — 0,) = Z and A, B,, — 0 in probability, then
A, (sp — 0,) = Z. The computed candidate may depend on the data and on a stopping rule.

Proof. The deterministic bound conditional on the data implies A, (s, — s,) — 0 in probability. Apply
Slutsky’s theorem. O

3 Sharp residual accuracy for nonuniform empirical self-transport

Fix a positive integer d. We work on the flat torus T¢ = R¢/Z¢, equipped with normalized Lebesgue
measure. Let f € C3(T¢) be a probability density with min f > 0, and put u = f dx. All constants in
this section may depend on d, min f, and || f|| 3. Consider the integral-one periodic Gaussian kernel

)

e an

ke(x,y) = ). (27e) P exp
tezd

Its integral operator on Lebesgue measure is denoted by H.. The Fourier multipliers are A =
exp(—272¢ ||k||?), k € Z4. Thus the kernel is positive semidefinite, strictly positive, and smooth. The
associated entropic cost is —¢ log k .; on the whole torus it is not the squared geodesic cost.

Let H, be the real reproducing kernel Hilbert space of k .. Absolute convergence of its Fourier series
and their derivatives gives the diagonal and derivative-section identities

Koe = ke(r,x) = > A~ (2m) 4270, (12)
k

(O (), Ouke(2)), =Kiebj,  Kie= ) Qrki) i~ (2m)~Ped271 0 (13)
k



Value sections and derivative sections at the same point are orthogonal.
Let X1,..., X, be independent with law u, and write (u,v),, = n~' ¥, u;v; and ||u||31 = (u,u),. The
exact empirical scale a; > 0 satisfies

1 A
@i ;kg(xi,xj)aj ~ 1. (14)

It exists uniquely for every sample, including samples with repeated sites. Indeed, on the positive orthant
the function

1 1
z|—>—ZZ~k X~,X'Z'——ZIO Zi
2 Lo ik (Xi ]) I . 22
L] 4
has compact sublevel sets: its nonnegative entries and positive diagonal control escape to infinity, and
its logarithmic barrier controls the boundary. Its Hessian is positive definite, since its quadratic term is

positive semidefinite and the barrier has positive definite Hessian. Its unique critical point gives (14).
Extend the solution by

V(x) = %Zkg(x,xi)a, a(x) = v(x)"". (15)

This extension agrees with a; at X;. For a positive candidate vector b, define
1
HOEEPWHES AL sp(x) = 2V log vp (%), (16)
i

1 1
mi(b) = bi~ Zj] ke (X, X))b;. S(b) =~ Z Vimi(b).

1/2
o(b) = l% Z(\/m,-(b) - S(b))2] , r(b) = %. (17)

Both r(b) and s, are invariant under positive rescaling of b. In particular, replacing b by b/S(b) makes
S=1and p =r. We write 5 = s5.

Set )
d 1 2
a=%42, Jd:/ (27¢1) —dé, Ca=4Ig>0. (18)
42 rd [1+exp(2n? [|€]1%)]*
Throughout, € = g,, is deterministic and
d
En— 0, Ao (19)
logn

For conclusions involving statistical normalization, we also assume
Ay =\Vnel — oo. (20)

Condition (19) is a conservative sufficient sampling condition; no optimal bandwidth assertion is made.
Define the empirical Markov operator, its off-sample extension, and its derivative rows by

(Pa) () =~ 3" G0k (3, XoJu, e

4

rn,j,x(i) = axj [a(x)aike(x, Xi)],
R, = (I + Pn)_l’ Gn(x)jl = <Rnrn,j,x, Rnrn,l,x>n . (22)

Here P,, acts on vectors by evaluation at the sample sites.



Theorem 3.1. Under (19), the following statements hold.

1. There are constants co, Co > 0 and events E,, with P(E,,) — 1 such that, on E,, every positive

vector b with r(b) < C()SZ/ 4 satisfies
sup |lsp(x) = 5(x) || < Cor(b)e, . (23)
xeTd

Consequently, under (20), every measurable sample-dependent positive b,, with \lnr(b,)) — 0 in
probability satisfies
A, sup ||sbn (x) — E(x)” — 0 in probability. (24)
X

2. Forevery n > 2, the local modulus

- |saqen () = 5@)||

L,(x) = sup  lim =
" uiO,(u,l)n:Ot_)() r(a(l +tu))
is exactly
Ly (x) = 44 Amax (G (x)). (25)
Moreover,
J
sup si"Gn(x) -4 —o0 in probability. (26)
X f(x) op

In particular e L,(x) — Cg/+/ f(x) uniformly in x in probability.
3. Fixxo € T¢ and ¢ > 0. Under (20), there are measurable positive vectors b, depending on the

sample and x, for which

cCy

v f (xo0)

The local modulus depends on the exact empirical solution. The last assertion concerns the worst case
over positive candidate vectors; it does not assert that these directions occur along a particular iteration.
We prove the theorem through estimates that keep the bandwidth dependence explicit.

Vnr(b,) — c, An(sp, (x0) = 5(x0)) —

e1 in probability. 27

3.1 Population scaling and its derivative Gram matrix

Lemma 3.2. For sufficiently small g, there is a unique positive continuous function a ¢ satisfying

au () / ko(roy)ae(y) du(y) = 1. 28)

‘ag\/?— 1”Cl < Ce. 29)

Consequently a, a;', and Va . are uniformly bounded as & — 0.

It is smooth for fixed &, and

Proof. Putg = \/? and g = a.g. The equation becomes ¥-(q) = gH:(qg)—g = 0 in the Banach algebra
C'(T4). We first establish a uniform bound for (I + H.)~' on this space. Its multiplier is 1 — F(+/gk),

where
1

1+exp(2n?|I€]»)

This is a Schwartz function. With the Fourier convention exp(2rik - x), the multiplier F (+/ek) has con-

volution kernel
eI ) F(x+ O)/Ve).
tezd

F(¢)



Its torus L' norm is at most HF || Li( Convolution commutes with first derivatives, so the corresponding

R4 ) .
operator is uniformly bounded on C!. The inverse identity holds first on trigonometric polynomials and
then by their density in C'. In particular, no convergence of H, to I in C! operator norm is needed.

At g = 1 the derivative is

Lov= (Heg)v+Hs(gV) = g(I+Hs)V+8£V,
Eev=(Heg—gv+[Heglv.

Gaussian moments give ||[H.g — gl|c1 < Cel|g||c3. For the commutator, integration of |g(y) — g(x)|
against the heat kernel gives its C° bound. Differentiating gives

0j[Hg,glv=[Hg 0;8]v+ [Hg, g]0v.
Applying the same bound to these two terms yields

I[He glvller < CVeliglle Vller -

The periodic Gaussian moments satisfy these bounds using torus distance. Thus [|E¢||ci1c1 = O(Ve).
Multiplication by g is boundedly invertible on C'; the preceding inverse bound and a Neumann series
show that £7! is uniformly bounded for small &.

Writing g = 1 + v gives

Lev=—(Hsg—g) —vH:(gv).

After applying £7!, the right-hand side is a contraction on a C! ball of radius Ce: its constant term is
O (&) and the quadratic term has Lipschitz constant O(¢) there. The fixed point has g > 0 and proves
(29). The identity a, = 1/H.(asf) implies smoothness for fixed &.

To prove uniqueness, let a, b be positive continuous solutions and let K, denote integration against
k . with measure u. Positive semidefiniteness and symmetry imply

AV
Os<a—b,Kﬂ(a—b)>L2(ﬂ):/(a—b)(l/a—l/b)duz—/%dpso.

Thus a = b almost everywhere and hence everywhere, by continuity and the full support of u. O

Let P be the operator on L?(u) with kernel a . (x)a.(y)k.(x, y). Itis self-adjoint, positive semidef-
inite, and Markov. Jensen’s inequality and invariance of u give ||P.|| < 1, so its spectrum is contained
in [0, 1]. Write

rjx(y) =0x;[as(x)as(y)ks(x,y)],
Gs(x)jl = <(I+P8)_lrj,)m (I+Ps)_lrl,x>L2(ﬂ) .

The same Markov, symmetry, and positivity statements hold for P,. Both its sample and off-sample rows
sum to one. Differentiating the row sum shows that all derivative rows have mean zero.

For later use, consider either operator P with its exact scale a. For a bounded mean-zero direction u
and small ¢, the candidate b = a(1 + tu) satisfies

m(b) = (1 +tu)(1+tPu),

Nm(b) = 1+ 5(1+ Pu+0(s),
r(b)

. 2 1+ Pl (30)

Here S(b) = 1 + O(#?) because the linear term has mean zero. The exact score identity is

20V (Pu) (x)

1+ 1(Pu)(x)’ S

$p(x) = sa(x) =



In the empirical setting every direction is bounded. Taking w = (I + P,)u, the row representers of the
linear map w — V(P,(I + P,) " 'w)(x) are R, 7y, j,x- Their mean-zero property shows that restricting to
mean-zero vectors loses no direction. Its operator norm is 4/ Amax (G (x)); (30) and (31) prove (25). The
identical argument applies in the population setting: smooth directions are dense and the row-resolvent
representers are smooth for fixed e.

Lemma 3.3. Uniformly in x € T4,
Ja

ml.

Proof. The unitary map U : L?(u) — L*(dx) given by Uv = gv, g = \/f, conjugates P, to Q. = gH.q,
where ¢ = agg. Lemma 3.2 gives

279G 4 (x) — (32)

1Qe = Hellop < llg = 1l 2+ llg = 1lleo) = O(&).

Both operators are positive semidefinite; their I-plus inverses have norm at most one and differ by O (&)
by the resolvent identity. The transformed derivative row is

Urjx(y) = as(x)q(y)0x;ke(x,y) + (8jas(x)q(y)ke(x,y).

Uniformly in x, its difference from f(x)~'/29, ike(x, ) has L?(dx) norm O (+/€ £~ ). Indeed the leading
coefficient has error O (&), whereas ||k (x, )|, = O(e~%/*) and Hc?xjks(x, -)||2 = O(&™%). The resolvent
comparison therefore gives the same relative row error after applying the inverse operators.

Fourier sign symmetry shows that the Gram matrix of (I + H,)~'9, ike(x, ) is D21, with

2
Ak
D2:§ 2rky)? )
& (ﬂ'l)(l_'_/lk)

kezd

Rescaling the lattice by /& gives 6?*D2 — J;. The rescaled integrand in (18) is Schwartz, so the lattice
Riemann sum converges. Combining this limit with the uniform row comparison proves the claim. O

3.2 Uniform comparison of the empirical and population scales

By Theorem 2.1, if a is an exact empirical scale, b > 0 has masses m; = m;(b), and A > 0, then

1
2
Iva = Avplig,, < — > (Aym; = 1)%. (33)

i

Here p; = 1/n, and the kernel-energy seminorm is the RKHS norm of the extended function. If § =
max; |m; — 1] < 1, it follows that

Ve =vollg, <1-V1I-6<6. (34)
If instead S(b) = 1, (33) gives [[va = vpllg, < 7(D).
Lemma 3.4. Put n, = Vlogn/(ne?). Under (19),
@ - aclle + VellVa - Vaglle = Op(na). (35)

Proof. For the deterministic population scale define
1
Za(x) =~ 3 k(@ X)au(Xo) — [ kelx.y)as(y) du(y)-
i

For each x, the summands for Z, (x) and for v€ d;Z,(x) have envelope O(e~4/?) and second moment
O(£~/?), by Gaussian integration and the bounds on a, and f. Their spatial Lipschitz envelopes are



0(e=4271/2) Put h, = n=3g%/>*1/2 and choose a deterministic regular torus grid whose coordinate
spacing lies in [A,,/2, h,] for all sufficiently large n. Condition (19) implies log(1/&) = O(logn), so the
logarithm of the grid cardinality is O (log n). Scalar Bernstein inequalities at the grid points, followed by
a union bound over the grid and coordinates, and the Lipschitz bound between grid points yield

1Znlloo + Ve IVZullo = O (36)

+
nedl2 = ped/2

logn logn )

The interpolation error is O (n~3); the second displayed term is absorbed by the first under (19). This
event is uniform in x before evaluation at any sample site. Hence it also bounds Z,, (X;) without assuming
independence between a sample site and the sample used in the sum. The diagonal contribution, of order
1/(ne4/?), is included.

Take b; = a.(X;). Its empirical masses satisfy m;(b) — 1 = a.(X;)Z,(X;), whence 6, <
laello 1Znlloo- On the event 6, < 1, (34) and the reproducing identities (12)—(13) imply

IV = Vblle + VE VY = Vp|le < COne™%* = Op(1,). (37)

By (36), the same weighted bound holds between v and H.(a,f) = 1/a,. The latter has bounded C'
norm and is uniformly bounded away from zero. Since 17,, — 0, reciprocation preserves the value estimate.
Differentiating the reciprocal and multiplying the gradient estimate by /e proves (35). O

3.3 Empirical covariance and uniform derivative Gram comparison

All operators in the following comparison are placed in the same e-dependent space H . Define

$(y) = as(Mks(, ), $(y) = a(ks (),
c= [ 60 ©00) duty) €= X000 090X

~ 1 —~ -~
C=— Z P(X:) ® $(Xy).

Here (v ® v)z = v(v,2)¢, . The feature map S : L*(u) = H,, Su = fq’)(y)u(y) du(y), satisfies
P, = S*Sand C = SS*. Consequently ||C|| = 1. For S,u =n~'Y; a(Xi)ui the analogous identities are
P, =SS, and C = S,S7, and HEH - 1.

The estimate ||¢(y)]|* = a:(y)?Ko.e < Ce~4/? and independence give

Bc-cf, < BlIs00 @ sl < . (38)

This second-moment calculation applies for each # in its current Hilbert space; a fixed-kernel limit the-
orem is not required. It implies ||5— C|| = Op((ne?)~1?) and ||5|| = Op(1). Lemma 3.4 gives
op op

max; |a;/as(X;) — 1| = Op(n,). Since the sample features differ only by these scalar factors, compari-
son of positive weights gives, in quadratic-form order, with the nonnegative random variable

a \°
(as(Xi)) -1

-,C < C-C < ¢,C.

{n = max
l

= OP(nn)7

It follows that _
e - c||op = 05 (). (39)



Set §;(x) = dj[as(x)kg(-,x)] and define 0 ; with @. The section bounds and (35) imply, uniformly
in x,

lo;@ll =0, @) - ;) = Optre). (40)

Indeed the value error multiplies a derivative section of norm O (¢~ %), and the gradient error Op (57, '/?)
multiplies a value section of norm O (¢~¢/%). The derivative rows are S* 6, and S;,0;. Intertwining S and
the resolvents therefore gives

Go(x)ji=(0,(x), F(C)GZ(X)>% ,
Gul(x)j1 = <§j(x),F(6)§l(x)>7_{ . F(CO)=(U+0)"'cu+o).

&

For positive operators, writing R = (I + C)~! gives F(C) = R — R%. The resolvent identity and ||R]|| < 1
imply

||F(6) _ro)|| <3 ||6— C
op op
Using (39) and (40), and noting that d is fixed, we obtain
sup |G (x) = G o (1) llop = Op(11672). (41)
X

The uniformity comes from the uniform feature estimate and the single operator bound, rather than a
pointwise covariance argument. Lemma 3.3 and 7,, — 0 now prove (26), completing part (2) of Theo-
rem 3.1.

3.4 Nonlinear upper bound and positive sharpness witnesses

Proof of Theorem 3.1, part (1). By Lemma 3.4, there are fixed positive constants ¢, C and events of prob-
ability tending to one on which

IA

C, Ve [Vl < C.

c<V

Normalize any positive candidate to S(b) = 1. The energy estimate gives, on the same event and simul-
taneously for every such candidate,

Vo = Ve < r(b)VKo,e, IVvp = Ve < (D) VK e

d

Choose co > 0 sufficiently small that r(b) < coe /4 implies v, > ¢/2. Then

Vve Vv Vv, =-Vv __V-vp
—_— = + Vv —.
Vp v Vp VvV

The two terms are bounded by Cr(b)e~?, using (12)—(13). This proves (23), with an event independent
of the candidate. Under (20), Vne4/* = A,,/\/e — co. Thus vnr(b,) — 0 implies the required residual
threshold with probability tending to one. Multiplying (23) by A,, proves (24). O

Proof of Theorem 3.1, part (3). Fix xo and put ry = rp1.x, and d, = ||[Rur1]l,, = m. When
d, > 0, set

3 2R2r

=0

The mean-zero property of r; and invariance of this subspace under R,, give

Up (42)
(n, ) =0, NI+ Pounll, =2, luall, < 2.

By (26), d,, is comparable to £~ on events of probability tending to one. Intertwining gives the feature
representation

u, =S,

2(1+ C) ™28, (xg)
d, '

10



Uniformly in 7, ||$(Xi)

= Op(e~4/*), whereas ”51 (xo)” /d, = Op(1). Consequently

llitnlloo = Op(e™%). (43)

Every off-sample row of P, is a probability vector, so the same bound holds for (P, u;)(x) uniformly in
X.

Let t, = ¢/+/n. Define a vector on every sample as follows: set u, = 0 if d, = 0, and also replace
(42) by zero if t,, ||un|lo > 1/2. Set

D™ = G(1 + tyuy), by = B™V/S(B™).

These vectors are positive on every sample. The construction is measurable: the strictly convex minimizer
defining @ depends continuously on the positive kernel matrix, as also follows from its invertible Hessian;
all subsequent inverses, norms, and cutoffs are measurable. The replacements have probability tending
to zero by (26), (43), and Vne?/* — co.

On the retained event let g,, = (I + P)u,. Then (g, 1), =0, ||g.ll,, =2, and

m(b™) =1+ thgn + t,%unPnun.
The Taylor expansion of the square root gives
[Vim =1 = %44, = Op(tre™%%). (44)

For completeness, the product contribution is bounded by #2 ||uy || ||Pnttn|l,. The quadratic Taylor re-
mainder is bounded by C ||m — 1|, ||m — 1||,,. The L? contraction of P,,, the bound ||u,||,, < 2, and (43)
control both by the right side of (44). The cutoff ensures that each factor in m = (1 + t,,u,,) (1 + t,, Pr,ut,)
lies in [1/2,3/2], so m lies in [1/4,9/4]; hence the Taylor constant is uniform. Also f,£~%/* — 0, so
the bound is an asymptotically smaller term than #,,. Projecting away constants in (44) yields

p(bi™) = tal 1+ Op(tys™ "™, S(B™) = 14 0p(1e™ ).
Thus /nr(b,) — c in probability.
Finally (31) and (42) imply the exact vector identity, on the retained event,
4t,Gp(xo0)eq
dy 1+t (Pruy)(xo)] ‘
Its denominator factor in brackets tends to one. The full matrix limit (26) gives

£7Gnx)er — VJa/ f(xo0) e1.

dn

Sby, (X0) = 5(x0) = (45)

Multiplying (45) by A,, proves (27). The vanishing-probability replacements do not affect these probabil-
ity limits. O

Corollary 3.5. Suppose, in addition, that an exact empirical limit law A,,(5(xo) — 9,,) = Z holds in this
periodic model. For any sequence satisfying the residual hypothesis in part (1), A, (sp, (x0) — In) = Z.
For the witnesses in part (3), the limit is instead Z + (cCq/+/ f (x0))e1.

Proof. Apply Slutsky’s theorem to (24) or (27), respectively. O

Remark 3.6. The corollary is conditional; no statistical central limit theorem is proved here or transferred
automatically from a different domain or cost. The witnesses show that residual order n~!/? cannot guar-
antee negligible normalized error uniformly over all positive candidates. They do not establish necessity
for every candidate sequence, a bound for a particular Sinkhorn trajectory, iteration complexity, or a min-
imax statistical lower bound. The sampling condition ne? /logn — oo is stronger than divergence of the
effective neighborhood count ne%/? and is used here only as a sufficient condition for the uniform scaling
and covariance comparisons.
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4 Actual self-Sinkhorn trajectories

We illustrate the certificate on actual iterates, rather than on the adverse witness construction. In dimen-
sion one we draw iid observations from f(x) = 1 + 0.4 cos(27x) by independent rejection sampling on
the torus. All sample sizes, bandwidths and random seeds are in Table 1. Starting from ago) =1, we use
the symmetric damped update

(J+1)

loga; =10ga§j) - %logmi(a(j)).

The script uses NumPy’s default generator with the specified seed, NumPy 2.3.5, double precision, and
evaluates scores on the 512 points x =1/512,1 =0, ...,511. No iid limit law is simulated.

For reproducibility, the numerical kernel is a finite Fourier expansion with positive coefficients of the
integral-one periodic heat kernel:

M
kpy(x,y)=1+2 Z Pl cos(2rg(x —y)), M = [V45/(2ﬂ26)] .

q=1

It is PSD by its nonnegative Fourier coefficients; positivity is observed at all evaluated entries. For this
finite expansion we use the corresponding constants Ko = 1+2 3, f]”: 1 Agand Ky =2 22”: ,(21q)* 24, rather
than a diagonal-one normalization. No rigorous enclosure of the omitted Fourier tail is supplied. Each
iterate is canonically rescaled to S = 1 for evaluation; its score and projective residual r are unchanged.

At each query we evaluate

_ 2ryKy + Kolsp (x) /2]
- wW-rVK

when the denominator is positive, and report an inconclusive value otherwise. The reported certificate is
the maximum of these values on the query grid.

A separate tight solve from the same initialization supplies the numerical reference, stopping at maxi-
mum mass residual 10™'%. A looser solve at 4 x 10~!* and a dense Newton correction at the tight solution
provide numerical sensitivity checks; neither is an interval proof of reference accuracy. Across the cases
the tight mass residual is at most 7.8 x 10713, the maximum score change from the looser reference is
below 2.8 x 1074, and that from the dense correction is below 9 x 10~13. Independent central finite
differences of the log potential check score signs and factors at three separate points, with maximum
discrepancy below 3.8 x 10710,

B(x)

n € seed jeE JB E;, B, Jr E;

256 0.04 2026101801 4 4 0.0032 0.00462 3  0.0105
256 0.01 2026101802 4 4 0.00413 0.0073 3  0.0138
512 0.02 2026101803 4 5 0.00201 0.00409 4 0.00527

Table 1: Actual solver stopping comparisons. E; is the maximum observed score error against the floating
reference on the query grid; B is the grid certificate. jg and jg are the first iterations reaching E; < 1072
and B < 1072, respectively. j, is the first iteration reaching < 1073, Iteration zero is the initialization.

The certificate reaches the prescribed score target at iterations 4, 4, and 5; observed errors first reach
it at iteration 4 in all three cases. The fixed residual threshold 10~2 stops earlier in two cases, and its
associated score errors are displayed rather than treated as an automatic score guarantee. The certificate
thus supplies a directly interpretable, moderately conservative stopping diagnostic on these runs. This
observation concerns these trajectories and bandwidths; it does not show that the theoretical adverse
witnesses occur along Sinkhorn iterates.

The reference is approximate, the grid is finite, and all reported inequality comparisons allow floating
numerical discrepancy. In particular, the maximum observed grid error does not measure the continuum
supremum, and the grid maximum of a pointwise certificate does not certify unseen queries. These
experiments supply no interval certificate, statistical CLT, or iteration-complexity lower bound.
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error, n = 256, £ = 0.04 - - - certificate, n = 256, £ = 0.04
error, n = 256, £ = 0.01 - - - certificate, n = 256, £ = 0.01
error, n = 512, £ = 0.02 - - - certificate, n = 512, £ = 0.02

Figure 1: Grid score errors (solid) and a posteriori certificates (dashed) along actual symmetric self-
Sinkhorn iterates. The plot is a numerical illustration; it does not establish the theorem.

5 Scope and conclusions

The finite certificate converts a measured projective residual into a pointwise error bound for the kernel-
extension score. Its proof uses the whole residual and avoids unknown bounds on the exact scaling.
The iid periodic theorem identifies the corresponding local bandwidth order and gives positive nonlinear
witnesses at residual order n=!/2.

The sharpness statement is a worst-case guarantee over positive candidates; the constructed directions
need not occur along a particular solver. The exact local constant uses the exact empirical scaling. Neither
an optimal sampling regime nor an iteration-complexity improvement is established. Any transfer of
statistical inference remains conditional on a valid exact-estimator limit theorem for the same model.
These distinctions allow the certificate to be used without attributing statistical or algorithmic conclusions
beyond those proved here.

Reproducibility. The accompanying source package contains the solver script, its parameters, raw iter-
ation records and figure data. The proofs are analytic and do not depend on floating-point experiments.

Al assistance. Al tools assisted mathematical development, computation and editing. The author is
responsible for the final manuscript.
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